UNIT 3
Fourier Series

3.1: ORTHOGONAL FUNCTIONS

Examples of sequences of orthogonal functions are: The set of functions 1, cos (nx) ,n=1,2,3, ... or
1, sin(nx) ,n= 1,2, 3, ... or 1, cos(nx), sin(nx), n=1, 2, 3, ..., on the interval a<x<a+ 2z with
weight functions p(x) = 1 for any real constant a.

The chief advantage of the knowledge of these orthogonal sets of functions is that they yield series

expansions of a given function in a simple fashion. Let Y, Y,,... be an orthogonal set with respect
to the weight function p(x) on an intervala < x <b. Let f(x) be a given function that can be

represented in terms of Yn (X) by a convergent series,

f(x)= Zamym (X) =2,y (¥) +a,y,(X) +a,y,(X) +...
m=0
This is called an orthogonal expansion or the generalized Fourier series. The orthogonality of the

functions helps us to find the unknown coefficients ao ] a1, a2 -+« in asimple fashion. These are
called Fourier coefficients of f(x) with respectto y,, y,,Y,,.... If we multiply both side of the above

expansion by p(X)yn(x) for a fixed n, and then integrate over a < x < b, we obtain, assuming term by
term integration is permissible,

[ POY T ()Y, (9dx = p(x)(iam Yo (x)jyn (x)dx

=3 2, POV, 00Y, (9 =2, [ POOYZ (dx =y, (I, ar otrer

a a
integrals being zero in the right hand side, because of the orthogonality of the set.
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[ POy, ()
Thus a, = a

Iy, 9]

Example : f(x) = sinx and g(x) = cos x are the familiar periodic functions with period p = 2.

The constant function h(x) = c is a periodic function, since h(x +p) =c = h(x) for all pe (0, ).

Proposition: If f and g are periodic functions with period p, then H(x) = af(x) + bg(x), for some
constants a & b, is a periodic function with period p.

Proof: H(x+p) = a f(x+p) +bg(x +b) = af(x) + bg(x) = H(X) since f(x+p) = f(x) &g(x+p) = g(x)

Therefore, H(x) is a periodic function with period p.

. . .8, & .
If the series converges, say to a function f(x), i.e, ?" + z (a, cosnx + b, sinnx) = f(x)
n=1

Then f is a period function with period p = 2rt, by the above proposition.
a, < i
Thus f(x+2m) = f(x) for all x in the domain of f, where f(x) = ?" + Z(an cos nx + b, sin nx).
n=1
3.2 Fourier Series
3.2.1 Fourier Series of function with period 2m

To evaluate the Fourier Coefficients, the following integrals, involving sine and cosine functions are
useful.

a+2rx a+2rx

i) f COS NXdX = _[ sinnx=0 n=1,23, ...
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a+2r a+2r
i) j COS MX COS NXdx = > I [cos(m+n)x + cos(m —n)x]dx

a [24

1{ 1 .
==—| ——sin(m+n)x+
2l m+n m-n

. a+2r
sm(m—n)x} " =0,m=n,

a+2rx

iii) j cosmxsinnxdx =0

a+22r a+22r

iv) I cos®(nx)dx = _[ sin®(nx)dx =z,n =0

a+2r a+2r

'[ cos? (nx)dx = j de=l{x+isin2x} |a+2”=£[a+27r—a]=7r
) 2 21" " 2n “ 732

In addition to these properties of integrals involving sine and cosine functions, we often need the
following trigonometric functions for particular arguments.

a

i) sin(2n +1)§ =cosnz =(-1)"and (ii) Sinnz =cos(2n +1)% =0,n=1,2, ...
Theorem : (Euler’s Formulae): The Fourier coefficients in
a - .
f(x)= ?O +>(a, cosnx+b, sinnx)are given by

n=1

a+2r a+2r a+2rx

aozi J' f(x)dx,anzlj' f(x)cosnXanndbn:l J f (x) sin nxdx
T % T w T a

Corollary : 1. If o =0, the interval becomes 0 < X < 2rt, and Euler’s formulae are given by:
1 2 on 1 2z
a=— I fogdx , 5 -1 [ f0ocosnxx, by == [ £ (x)sinnxdx.
7T 0 T %
2. If o =-m, then the interval becomes -n< X <mt, and the Euler’s Formulae and given by:

1” _17[ _172' .
aO:;_J;f(x)dx' ao_;_J;f(x)cosnxdx, bn_;__[rf(x)smnxdx,

2 2 ©
Examples If f(x) = (%Xj in the range (0, 2x), show that f(X) = 71[—2 + z cosznx _
=1 N

o0

a .
Solution: The Fourier serves for f in (0, 2n) is T (X) = ?O + Z(an cosnx + b, sinnx), where

n=1
2z

2
6

12;r 127z T—X 2 1 2z l |: 2 2 1 3i|
a,=— | f(X)dx==|| —= | dx=—" [(#* =22+ x*)dx =5 | # X—7X" + X
° n-([ ) nj( 2 j 472'([(7[ ) 4 3

T

0
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2 2 2 2
a, = 1 I f (x) cos nxdx :i j [”—_X) cos nxdx = L j (7 — X)? cos nxdx)
7T T 2 A 5

0

_ i{(ﬂ' —x)? Sin(nx) + 207 — x)(_ cosz(nx)}r 5 (—sins(nX)} ‘2,, ] i(z_f ) 2_7;) ) iz
4r n n o n

n A n

w—X

—= j £ (X)sin(X)dx = = j ( j sin(nx)dx

_ L |:(7Z' - x)z(_ cosz(nx)] +2(7 - )( sm(nx)j —cos(nx)}
Ar n n

2z

=0

0

7—xY x? & cos(nx)
2 j :E+nz_; n’
DIRICHLET’S CONDITIONS:

Suppose that:
a) f(x) is defined and single — valued except possibly at a finite number of points in(a, a + 27).

b) f(x) is periodic outside (a, a + 27) with period 2.
c) f(x)and f'(x)are sectionally continuous in (a, a + 27).

Therefore, f(X) :(

a = .
Then the series ?0 + Z (a, cos(nx) +b, sin(nx) with coefficients
n=1

1 a+2r 1 a+2r 1 a+2rx -
a, = ; J. f(X)dX, a, = ; J. f (X) COS(nX)dX&bn =; I f(X)Sln(nX)dX converges to
i) f(x) if x is a point of continuity
lim fC0+lim f()

ii) xc 5 xoc if ¢ is a point of discontinuity .

Moreover, when f(x) has finite number of discontinuities in any one period, for instance if in an

#(x) , fora<x<c

interval (a, a + 2m), f(x) is defined by f (x) = {l//(x), forc<x<atag’ i.e., ¢ is a point of

discontinuity, then:

a5 = — j¢(x>dx+ J l//(X)de
Ugb(x) cos(nx)dx + aT w(X) cos(nx)dxj andb, = U #(x)sin(nx)dx + a+f;;/(x) sm(nx)dx]

Example: Find the Fourier series expansion for
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—m,if - 0 =1 1 1 1 1 2
f(x)= ﬂ.l <XV and deduce that =+ 2+,,,_”_.
xif O0<x<rx —=((2n+1)° 1° 3 5° 7 8

Solution: Let f(X)= % +Z:(an cos(nx) +b, sin(nx)dx)

n=1

4

1 0 V4 0 l 1
Then a, =;{J.—ﬂdx+jxdx}:—jdx+—jxdx =7 +—X°
- 0 -

Ty 27

T

=—n+—m=—

I
N

0

J-sm(nx)d } COS(f;X)| : ((_1)“_1)

n 7zn|07zn

1|t 7 - ) | B
a, = —“—ﬂcos(nx)dx +Ixcos(nx)dx} _ J.COS(nX)dX_FlJ-XCOS(nX)dX _sin(nx)
7| J ] n

T n

i{xsin(nx)

0

0 r 0 1 7
andb, = 1|:I—7Z’Siﬂ(ﬂX)dX +Ixsin(nx)dx} = _[— sin(nx)dx + —I xsin(nx)dx
T - 0 - ﬂ-O

_cos(nx) °
n

+1{— xcos(nx)

T n

-7

__(_1\n+l _ 1\n+l _ 1\n+l
_1-(ED™ (DT 12(-)
n n n
-1

Hence, f(x)=-2 +Z(( D” cos(nx) %sin(nx)}

o 3N n n n2|O

+]T-cos(nx)dx:| 1-(=D" ﬁl:—ﬂ( 1" Sin(nx)|”}

=7y [_ZCosx—ZZCos(Sx) —ZiCos(Sx) - ] + (3Sinx 1 Sin(2x) + Sin(3x) — 1 Sin(4x) + 3 Sin(5x).. j
4 T K 2 4 5

oz 2 (COSX 4 S053%) | CosEY) | j " [3sin X— 2 Sin(2x) + Sin(3¥) + j
4 1° 3? 5? 2

By Dirichlet’s Condition, we have that

lim f00+lim £

X X -z 2(1 1 1
o 5 0* 4_(12 32+52+,..J+(O+O+...)
-7+0 —nx 2[1 1 1 j
= =———— — +—+.
2 4 12 3 5

o 2
=21 11 Yoy 2 e b1
37—7(1—24'3—24'?4']:)(7](7]—? 12 32 52 ’Z(2n+1)2 8 .




3.2.2 Fourier Series of Functions with arbitrary period P = 2L

In many engineering problems, the period of the function required to be expanded is not 2z but some
other interval say 2L. In order to apply the foregoing discussion to functions of period 2L, this interval
must be converted to the length 2z . This involves only a proportional change in the scale.

Consider the periodic function f(x) defined on (o, o + 2L). To change the problem to period 2x put

t= % x which implies that x = Lt . This gives when x € (a,a + 2L) . Thus the function f(x) of period
T

2L in (a, a + 2L) is transformed to function f[htj of period 27 in(a—ljz,a—:[+ Zﬂj. Hence f = (Ltj
T T

can be expressed in Fourier series as:

gt)y=f (Ltj = a—2° + i(an cos(nt) +b, sin(nt)), where
T

n=1

p+2rx pB+2rx 1 p+2r L -
aO:1 _[ f(ktjdt, an:1 j f(ktjcos(nt)dt,andan— I f(—t]sm(nt)dt, where
T Vs

T % 7 ; 7 B 7

ar L
p=—and x=—t,

L Vs
Marking the inverse substitution t = % xand noting that dt = % dx in the above formula, the Fourier

series Expansion of f(x) in the interval (o, a +2L) is given by

f(x)= a_20 + Z(an cos(n % xj +b, sin[n % XD where

n=1

a+2L a+2L 1a+2L . T
a0=% i f(x)dx,an=%£ f(x)cos(n%x) dx andb, = - £ f(X)Sln(nEXJ dx

Corollary :
I. Putting o = 0 in these formulae, we get the corresponding Fourier Coefficients for the
interval (0, 2L)

12|_ 12L T
a, :EE[ f(x)dx,a, :EJ.; f(x)cos[ntxj dx

1% V4
b, :—jf(x)sin(n—xj dx
L) L




ii. Putting a = - L in the above formulae, we get the results:

L L 15 : T
a, :%Jf(x)dx, a, :%If(x)cos(n%x) dx andb, =1 _[ f(X)Sln(nEXj dX are the Fourier coefficients
L -L -L

in the interval (-L, L).

Example : Find the Fourier series of the periodic function f(x) of period 2, where

-1 for -1<x<0 1 1 1 P 11 1 T
f(x)= and showthat 1+ —+—+—+..=~—and 1-=+--=+...=—
®) {2x,for0<x<1 A CR 357 774

a - .
Solution: 2L=2=L=1,and f(X)= ?O"'Z(an cosnzx +b, sin nﬂX)
n=1

1
1 -1

L 0 1
where a, =%j f(x)dx:%.[ F (x)dx = [ —dx + [ 2xdlx = x
—L -1 0

-1

+x* =-1+1=0

0

_[ f (x)cos(nzx)dx = —JCOS(”ﬂX)dX + j 2x cos(nzx)dx

_sin(nzq| -, 2 = (xsin(nax)), +—— 2 > cos(nzx)
o nNrm n’z?

nz

B 2

0

(( D -1)=—Z - () =2
Nz n“mz

(1 + (_1) n+l)

0

= %J' f (x)sin(nzx)dx = _[—sin(n;zx)dx + stin(nﬂx)dx

1 0
0
_cos(nm)) 2 [xcos(n;zx)| Icos(mzx)dx}
nz |, nz
R 143D
_n” nrzx nz |, /4 nr nz

Thus f(X)= a_20 + i(an cos(nzx) +b, sin(nzx))

n=1

=0+ Z(Mcos(nﬂx) + “Br(]—_l)wsin(nnx)]
T

4 4 . 2 . 4 .
= —— C0S 77X + —SIN 77X — —SIN 27X — —— €08 37X + —— SIN 37X
V4 b2 b3 3 3
—isin47zx— 242
4 5

cos(57x) +isin(57zx) +...
o
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4 ( cos zx cos37zx cosS;zx 2 . S|n27zX 2 sin47zx
= >+ > 5 v | +—| 25IN X — —sin3zx— +...
1 3 5 T 3 4
lim f)+[im f(x)

When x = 0, the series converges to oo 2Ho __%
Therefore,—%=;—f[li2+3i2+5i2+...j+%(0—0+0—...)

- %[%*%*%*-J#*é+5lz+~-=f20<2n11)z:’§'
WhenX=%, f(%jﬂ,giving1=;—f(0+0+0+...)+3(2—g—§—g+§—...)
=i(2_§+§_§+”‘]=i(l_é+;_;+”'):1_%+1 = i;nlJ)rl 4

3.2.3 Fourier Series of Odd and Even Functions
Definition: A function f(x) is said to be odd iff f (-x) = -f(x)
A function f(x) is said to be even iff(-x) = f(x)

Example : The functions sin(nx) and tan (nx) are odd functions. Graph of odd function is symmetric
about the origin.

Example : The functions cos(nx), x?, sec(nx) are even functions. Graphs of even functions are
symmetric about y-axis.

Proposition : If f(x) is a periodic function with period p = 2L, then

jf X =4}
-t 0, if fis odd

Recall that a periodic function f(x) defined in (- L, L) can be represented by the Fourier series:

f(x)_ Z(a cos—+b sm%},

; {2.[ f (x)dx, if  is even

1 15 15 :
where a, =EJ'L f(x)dx, a, ZI.[ f(x)cos(n%x}ix& b, :t'[ f(x)sm[n%xjdx

L L
When f(x) is an even functiona, :% j f(x)dx:%f f (x)dx,

-L 0

1 eL V5 2 L T . T
=—| f(x)cos| n—x [dx=—| f(x)cos| n—x |dx, since f(x)cos| n—Xx
LL()[L] LJO()(L] ()[L]

L
is even, and b, =% j f(x)sin(n%xjdx:O, sin ce f(x)sin(n%xj is odd.

-L




Therefore, the Fourier series expansion of a periodic even function f(x) contains only the cosine terms

L L
whose coefficients are a, = g.[ f(x) dxanda, = 2 [0 cos(nszdx
L L L

= f(xX) = %J: f (x)dx + i[%j‘ f (x) cos[n% x)dxj Cos[n% xj.

[e]

L L
When f(x) is odd function: 3, = % I f(x)dx =0, a, = % I f (X)Cos[ntxj dx =0, since f(x)cos(n’ixj is odd,
—L -L

L . -
and p_ _1 _[ f(x)sin(n”xjdx = EJ - f(x)sin(n”x}dx , SInce f(x)sin(n”xj IS even.
L2 L Lo L L
Thus, if a period function f(x) is odd, its Fourier series expansion contains only the sine terms, whose

L
coefficients are b :ij f (x)gin(n’[xj dx , SO that
0

- (ot

Coefficients

Example: Find a series to represent f(x) = x? in the interval (—6, ﬁ) . Deduce the values of i)

(D11 -1 1.1
— = —...andii ———+—+—+
nZ:l: nz 12 22 32 )nZI:nZ 32

Solution: Let f(x) = x? in the interval (—g, f) be represented by Fourier series as
f(X)=82‘)+i[an cosrzzx+bnsinn;rxj- Here f(X)=(-X)* =x* = f(x),ie, () is even in (—¢, ¢).
21°

| |
Therefore, a, = IEI f (x)dx = IE-[ x2dx = Y
0

nzx 2 nz
Y ; =Z|x2 “xldx _ 2 2 (N7
J' (x)cos[ 7 )dx E-!X cos( S xj xn”{x Sm[ ; Xj
4/ nz
nzﬂz XCO0S 7x +Jcos —x dx (- r— S,n )
3z

62 4£2 © nz s cos2Ex cos Fx
Therefore, = ¢ (x) = x2 = £ Z cos( j a4 [ S S
= b 3 22| 12 22 32

4

‘
fJ.ZXSin(n—ﬂ- x)dx
o] 0 /

! 20 _q\n
Y 2( ? andb, =0
0 nz

0

2 2
which is the required Fourier series. i) Putting x =0, we get f(0)=0= % - ﬁ(i S + N .. )

nl 2
7Z'

ST
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limfo+lim f(x)

x>0t Xl _ :gz _

i) Puttingx =/, we get

1 4(1 1 1 1 1 1 1 1 2\ 72 jzi:’i
:>1——— Sttt | 2ottt o= o —n? 6
12 22 3% 4 -1

HALF — RANGE EXPANSION
In many problems of physics and engineering there is a practical need to apply a Fourier Series to a
non — periodic function F(x) on the interval 0 < x < T. Because of physical or mathematical
considerations, it may be possible to extend F(x) over the interval —T < x < T, making it periodic of
period P = 2T. The following figures illustrate the odd and even extensions of F(x) which have

Fourier Sine and Fourier Cosine series, respectively. 1~ = o
a) Original function )
. | i » .

b) Odd Extegsion c) Even Extension

R

\
\

3 =

i ! '

1 | \ \

I |

e 1

2T -7 O T =4 > ¥ ) 0

1
\ \ [
‘ \\./‘

Examples : Express f(x) = x as a half — range

a) Sine seriesin 0 < x < 2.b)Cosine seriesin 0 <x < 2.
Solutions: The graph of f(x) = x in 0 < x <2 is the line OA. Let us extend the function f(x) in the
interval -2 < x < 0 (shown by the line BO) so that the new function is symmetric about the origin and ,
therefore, represents an odd function in (-2, 2)

y A
A
_2 |
-1 :
2 -] i 1 2 .
e
B ! -2

Hence the Fourier series for f(x) over the full period (-2, 2) will contain only sine series terms given by

F(x)= Zb sm( )Where b, :—J'f(x)sm( ’ jdx—jxsm(n jdx

10 |



2

2xcos(n7z XJ
2

nx

n n+l
4 (nﬂ J2= a SOM )

+ Sln —X nz nz

n2z? 2

f = 1)n+1 4 r sin 7x sin§7zx
= ()= Z sin 2 =— sin(zxj—+2—---

b) The graph of f(x) = x in (0, 2) is the line OA. Let us extend the function f(x) in the interval (-2, 0)
(shown by the B'O) so that the new function is symmetric about the
y — axis and, therefore, represents an even function in (-2, 2).

Y
A
B
[N |
| |
| |
[ |
! : » X
Hence the Fourier seri "2 f(x) = 0 i 2 | period (-2, 2) will contain only cosine terms given by
a - NzX 2 2 )
f(X)=-2+>a cos| — | 5 -2 — [ xdx = _2 Nz
(x) 5 nZ:l: n [ > jao—zl.f(x)dx_'([xdx_z and an_z.!f(x)cos(zjdx

((1) ) ((1) 1)

el 527

2 ¢ 4 nzx
— = [sin| 22 |ax = >— COS
o Nmy 2 n“rz 2

. n2z?
f ( 1) -
Therefore, the desired result is: f (X) = z Cos nZ 5 X
4 3 5% cos COS§7I cos§7zx
=1+— —Cos—x——Cos—”x——Cos +—.. 4 8 2 2 2
72\ 12 2 32 2 52 2 T e + 32 52

3.3 FOURIER INTEGRALS:
Consider a function f(x) which satisfies the Dirichlets conditions

) . a i .
in every interval (-L, L) so that, we have f(x)= ?0 + Z(an cos% +b, sin %) , Where
=1

1 L

L
8= [ f(tydt.a, = If(t)cos—dt and b, == I f (t)sm—dt Substituting the values of
-L -L

1
L
a, a,and b, inthe

Fourier series expansion, we

£(x) = 7J‘f(t)dt+ [If(t)cosdtcos+If(t)s'”dt3'” ZXJ get the form

11|



1 % 1& (L NT, oy *
:z:[f(t)dtJrE;Lf(t)cosT(t—x)dt *)

If _H f (t)|dx converges, i.e.; f(x) is absolutely integrable in (- oo,00), then the 1% — term on the right

1 o
side of (*) approaches 0 as L—»o, since < oL LO| f(t)[dt .

1L
— | f(t)dt
2LJL()

The 2" — term on the right side of (*) tends to |jm %Zr v COS%I__X)Olt

L—a0 n=1

=lim EZ& J' f (t)cosndl (t — x)dt on writing %= oA .Thus as L —o0, (*) becomes
T

MA—0 n=1 —o

f(x)= ij‘ .[ f (t)cosA(t — x)dtdA called the Fourier Integral of f(x).
0 -

l o0 00
Remark: 1. If function f is continuous at x, then T (X) = ;J. J f(t)cos A(t —x)dtd A .
0 -

f(x+0)+f(x-0) 1
2 T
where f(x+0) =]jm f t)and f(x-0)=|jm f ).

t—x* t—x
2. Fourier sine and cosine integrals. Expanding cosA(t-x) = cos (At - AX)
= COSAt cosAx + sin At sin At, the Fourier integral of f(x) may be written as

If f is not continuous at x, then J' J' f (t)cosA(t—x)dtdA
0 -

() == [cos 2x [ f (t)cos AtdtdA -+ [sin 2 [ f ©)sin Atdtd 2.
T 0 —0 7 0 —o0
If f(x) is an odd function, f(t) cos (At) is also an odd function while f(t) sin (At) is even. Then the 1%
term on the right side of the above equation vanishes, and f(x) = Ejsinﬂux‘f f(t)sin(At)dt dA, which is
T 0 0

known as the Fourier Sine integral.
Similarly, if f(x) is even, the above integral takes the form

2 o0 o0
f(x)= ;ICOS(ﬂX) j f (t)cos(At)dt dA , known as the Fourier Cosine integral.
0 0

1LforO<x<rx

as a Fourier sine integral and hence
0,forx>nx

Example: Express f(x):{

1—cos(zA)

evaluatej sin(xA)dA.
0

12|



27 . I .
Solution: The Fourier sine integral of f(x) is f(X) = —Ism(lx) dA If(t)sm(lt)dt
4 0 0

= 2 [sin(x)d2 [sin(Aat)dt _ cos (1)
Ty : 2

'[sm(/lx)d/{

} 2 °f 1=005(47) Gin(xa)da
< 7Ty A

2 ,[1 cos(Arx)
A

Therefore, f(x)=; sin (AX) dA — Jl_ccfux)sin(/lx)d/l— F(x) = { ,forO<x<nr
0 0

0 forx>nx

At x =r, which is a point of discontinuity of f(x), then the value of the above integral is

x lim F00+1lim (0 ﬂ[ 1) T .[1 cos(Ar)
2 2 2

or’ o _7 e, sin(Ax)di="atx =7
2) 4 4

0

13|



